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The thermal conductivity of several diamond-like materials is calculated from a kinetic-collective model. From
this approach, a thermal conductivity expression is obtained that includes a transition from a kinetic (free)
to a collective (hydrodynamic) behavior of the phonon field. The expression contains only three parameters.
Once fitted to natural occurring silicon, the same parameters for the other materials are directly calculated
from theoretical relations. The results are in good agreement with experimental data.
A general model able to predict the thermal conduc-
tivity at all ranges of temperature for different materials
and device sizes has been extensively debated in the liter-
ature. For this, Boltzmann Transport Equation (BTE) is
the usual starting point, but obtaining a general predic-
tive solution for thermal transport is a tremendous task
that at the moment has not been completely achieved.
Most of the works proposed in the last decades agree
that the cause of this difficulty is the presence of
momentum conservative phonon-phonon scattering (N-
processes).1–6 This scattering mechanism moves the dis-
tribution function from equilibrium and when it is the
dominant process, kinetic approaches based on the cal-
culation of the conductivity per mode fail. In order to
deal with this, two different strategies are used to obtain
some approximate solutions of the BTE: numerical1,7,8
and phenomenological models.2,9–12
An example of the numerical approach is to combine
ab-initio calculations for the relaxation terms with a re-
cursive method of solution for the BTE. This has led
to valuable results for semiconductor bulk samples in
the temperature range [50, 400] K5,13. The goal of these
works is to obtain the largest range of predictions with-
out using any fitting parameters. The main problem for
this kind of approaches is the computational cost at low
temperatures or in reduced size samples.
On the other side, phenomenological approaches try
to obtain simplified expressions for the thermal conduc-
tivity based on applying a minimum set of simplifica-
tions to the BTE. Their main goal is not to predict ac-
curately experimental values, but to obtain a reasonable
approximation that allows us to interpret the results in
terms of physical phenomena. One of the most well-
known phenomenological models is the one proposed by
Callaway3(CM), but in the last years some issues related
to the prediction of reduced-size samples has led to ex-
plore some modifications2,10,14. In a forthcoming paper,
Tomas et al.15 propose an alternative kinetic-collective
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model (KCM) improving predictions for silicon (Si) ther-
mal conductivity. The strong point is that they establish
two regimes of phonon thermal transport depending on
the dominance of normal or resistive scattering, this is
the collective and the kinetic regime, respectively.
Although CM and KCM seem similar, the more de-
tailed nature of the second proposal makes it a more suit-
able starting point to study phononic thermal transport
in crystals. The model is not only a useful tool to pre-
dict thermal conductivity of different shape, size or iso-
topic composition samples but also gives insight into the
physics underlying phonon-phonon interactions in ther-
mal transport. The agreement with experimental data
from bulk to nanoscale Si samples in the whole range of
temperatures is remarkable.15 This good result with Si
has motivated us to check the robustness of the model
by applying it to other materials than Si. The aim of
this work is to predict the thermal conductivity of a set
of samples of several materials without introducing any
extra fitting parameter. In order to focus only on the
relaxation times and dismiss the effects coming from the
crystal structure, we have studied only diamond-like crys-
tals, specifically the family of group-IV semiconductors:
diamond (C), Si, germanium (Ge) and grey tin (α-Sn).
Their dispersion relations have been calculated using the
Bond charge model.16
In general, thermal conductivity κ can be obtained
as a combination of a kinetic κkin and a collective κcoll
contribution15
κ = κkin(1− Σ) + κcollΣ (1)
where
κkin =
1
3
∫
~ωτv2g
∂f0
∂T
Ddω (2)
and
κcoll =
1
3
(∫
vgq
∂f0
∂T Ddω
)2
∫
q2
~ω
1
τ
∂f0
∂T Ddω
. (3)
with ω the phonon frequency, q wave vector, f0 equilib-
rium distribution, D density of states, vg group velocity,
2TABLE I. Values of Γ, cross-section A and effective size Leff
for natural occurring and different isotopic composition Si,
Ge, C and α-Sn samples.6,20–22
Sample Γ A (mm2) Leff (mm) Reference
naSi 20.01 × 10−5 2.00 × 3.12 2.8 Ref.20
28Si 3.2× 10−7 2.00 × 3.12 2.8 Ref.20
naGe 58.7 × 10−5 2.46 × 2.50 2.78 Ref.6
70/76Ge 1.53 × 10−3 2.02 × 2.00 2.25 Ref.6
70Ge99.99 1.8×10−7 2.20 × 2.50 2.63 Ref.6
70Ge96.3 7.57 × 10−5 2.50 × 2.50 2.8 Ref.6
naC 7.54 × 10−5 :1× 1 0.82 Ref.22
13C 6.94 × 10−6 1× 2 1.58 Ref.21
naSn 33.46 × 10−5 2.5× 2.5 2.8 -
and τ relaxation time. The weight of these contributions
depends on a switching factor Σ = [1 + 〈τN 〉/〈τR〉]−1
that takes values in the range Σ ∈ [0, 1] depending on
the averages of normal 〈τN 〉 and resistive 〈τR〉 relaxation
times, where
〈τi〉 =
∫
~ωτi
∂f0
∂T Ddω∫
~ω ∂f
0
∂T Ddω
. (4)
Expression (1) describes a transition from a kinetic
regime when resistive scattering is dominant, to a col-
lective behavior when N-process is dominant. For the
set of group-IV samples we propose to use the same ex-
pressions for the relaxation times as those used for sil-
icon. For the boundary term we use17 τ−1B = vg/Leff
where Leff = 1.12
√
A is the effective size for a sample
with square cross-section A. For impurity scattering we
use18,19 τ−1I = (V Γ/4piv
3
g)ω
4, being V the atomic vol-
ume and Γ =
∑
i ci (∆M/M)
2
the mass-fluctuation fac-
tor, with ci the isotopic fraction. Values of sizes and Γ
for the different samples appear in Table I.
For N-processes we use
τN =
1
BNT
+
1
B′NT
3ω2[1− exp(−3T/ΘD)] , (5)
and for umklapp (U-processes)
τU =
exp(ΘU/T )
BUω4T [1− exp(−3T/ΘD)] , (6)
where ΘD is the Debye temperature and ΘU is the umk-
lapp extinction temperature calculated from the disper-
sion relations15. Expressions (5)-(6) agree to those pro-
vided by Ward and Broido obtained by ab-initio calcu-
lations in the temperature range where they compare to
experimental data [50-300]K.23
Although (5)-(6) include some parameters, according
to Leibfried and Schlo¨mann24, there is a semiempiric
expression to obtain BU and BN . Later recovered by
Morelli et al.9, this expression is written for both param-
eters
BU/N ≈
(
KB
~
)b
γ2~V (a+b−2)/3
Mva+bg
(7)
where KB is the Boltzmann constant, ~ the Planck con-
stant, γ the Gru¨neisen parameter, M the atomic mass,
being a, b the exponents of frequency and temperature
dependence respectively, since τ−1U/N ∝ ωaT b.
From our expressions it can be seen that a + b = 5
for BU/N and a + b = 1 for B
′
N . Excluding KB and ~,
we find that the value of the parameters is exclusively
related to four magnitudes: γ, vg, V and M , which are
characteristic of each material (see Table II). The same
mean value γ = 0.7 can be used for all the group-IV
materials as indicated by Slack25. For vg we calculate
the value at the zone-center of the Brillouin zone from
dispersion relations using v = [2/3vT + 1/3vL]
−1
.
Expression (7) allows to express the B parameters
of all the materials in terms of the values of one of
them. We take Si as the reference material, the val-
ues BU,Si = 3.0 × 10−46 s3K−1, BN,Si = 2.6 × 10−23
sK−3 and B′N,Si = 4.8 × 108 s−1K−1 provide the best
fit for naturally occurring Si (naSi). Now we calculate
the respective values for the other of the materials as
BU/N,x = fxBU/N,Si and B
′
N,x = f
′
xB
′
N,Si where x de-
notes the material, and
fx =
[
γ2V/Mv5
]
x
[γ2V/Mv5]Si
; f ′x =
[
γ2/MvV 1/3
]
x[
γ2/MvV 1/3
]
Si
(8)
are the conversion factors for the low and high tempera-
ture parameters, BU/N and B
′
N respectively. Calculated
values of fx and f
′
x are in Table III.
TABLE II. Materials properties: Debye temperature ΘD,
atomic mass M , atomic volume V , mean zone-center velocity
vg and umklapp extinction temperature ΘU .
Material ΘD (K) M (g mol
−1) V (m3) vg (m/s) ΘU (K)
Si 645 28.086 20.01×10−30 6272 126
Ge 375 72.63 22.75×10−30 3923 70
C 1850 12 5.67×10−30 13746 405
α-Sn 230 118.69 34.05×10−30 2769 37
TABLE III. Conversion factors fx and f
′
x calculated from Eqs.
(8) for each material.
Parameter Factor α-Sn Ge Si C
BU/N fx 24.42 5.60 1 0.023
B′N f
′
x 0.45 0.618 1 1.091
In Figures 1(a)-(d) we show our theoretical predictions
for Si, Ge, C and α-Sn samples compared with experi-
mental data6,20–22. Note the remarkable agreement with
3FIG. 1. (Color online) Thermal conductivity of the set of group-IV semiconductors. The fit for naSi (solid line) is shown in (a).
Predictions (solid lines) are shown for 28Si in (a), for diamond samples in (b), Ge samples in (c) and α-Sn in (d). The kinetic
(dashed-dot lines) and collective (dashed lines) contributions are specified in each case. Experimental data6,20–22 appear in
symbols.
measurements. These results are better than expected,
as it is widely known that some of the materials proper-
ties (like V or vg) can have some dependence on T . This
makes our phenomenological expressions expected to be
valid only to obtain general trends in the behavior of κ.
In the plots it is also shown the kinetic and the collec-
tive limits for natural isotopic composition samples. It
can be seen that as T rises, κ makes a transition from
a purely kinetic to a collective behavior. This transi-
tion happens because at low temperature resistive bound-
ary scattering is dominant and consequently the thermal
transport is kinetic. As temperature rises, normal scat-
tering is starting to be important and the collective be-
havior appears. The importance of this collective term is
the same for all the samples. The only difference between
them is the temperature this behavior is experienced at.
The insufficient attention to this transition in usual the-
oretical models can be the cause for the difficulties in
trying to obtain the same predictions by using the CM.
Although CM and KCM give the same results in the lim-
its (Σ = 1 or 0), the transition gives significantly different
results.4,26 In the figure we have also included predictions
for α-Sn despite the lack of experimental values for this
material.
In this work we obviously do not pretend to obtain
extremely good fits, as the expressions used can depend
on specific characteristics of the dispersion relations for
each material. In spite of this, from these results it can
be deduced that usual relaxation times expressions are
good enough to calculate thermal conductivity, and that
some of the issues when fitting experimental values could
be related to the phenomenological model.
In conclusion, we have shown that with a kinetic-
collective model it can be predicted the thermal conduc-
tivity of a group of samples of different materials without
additional fitting parameters. The model allows to inter-
pret the behavior of the thermal conductivity as a transi-
tion from a kinetic to a collective regime. The results can
shed light to the understanding of the phonon-phonon in-
teraction in this kind of samples as it can be interpreted
in terms of these different behaviors.
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